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unpowered flight
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The equationof motionof arocket can be obtained fromthe law of conservationof
momentum. L etthe massof the rocket at any giveninstantbe m, and letits speedbe

v relative tosomefixedcoordinate system.If material isshot out of the rocket motor
with anexhaustvelocity v, relative tothe rocket, the velocity of the exhaust relative
to the fixedcoordinate systemisv- v, . If anexternal force F also actson the

rocket, then the linear momentumtheorem reads inthis case:

d dm
E(mv)- (v- vex)a

Thefirst term isthe time rateof changeof momentumof the rocket. The second term
representsthe rate at whichmomentum isappearing inthe rocket exhaust, where
- dnydt isthe rate at which matter isbeingexhausted. |f we fix our attentionon the

rocket at any moment,we must rememberthat at atime dt later this systemwill
comprisethe rocket plusthe material exhausted fromthe rocket duringthat time, and
both must be considered incomputingthe change inmomentum.The force F
represent the air resistance andthe gravitational forcewe get
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Inthe followingwe assumethat g, kand v, areconstant, andthe massof the
rocket is alinearfunctionof time

m= +d—mt— + bt

where m, istheinitial masof the rocket. Further is dmydt <0 and constant.
Rememberthat - dnydt isthe rate at which matter isbeingexhausted. The constant
kisequal to

1
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Now we transformthe differentialequation of motion by achangeof dependent
variable
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and it takesthe form
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mz%+bm3 +k(v,b +mg)y=0
Wetransformagain
y(t) = U@, o
d __d dz _ ,d?
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and get
d?u du
bZZZE + bZZE + k(gZ+Vexb)U =0

The equationmay be written inthe form

,d?u du

d2+zE+(az+b)u 0
where

_ 5K _ VK

a—bz, b= b 0

Thisequationcan be transformedinto Bessel’ sequation and hasthe solution
u==_CJ, (2\/5) +C,J (2\/5), g nonintegral

where J, isaBessel functionof thefirst kind andthe order isequal to

g=2v-b
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The boundary conditionsare

t=0 v=0PpP
du
z—mo. E_O

The derivativeof uis

du_C |a G |a
== EE{JQ. (2Va2) - 3., (2Va2)p+ 7@{1 o (2Va2)- 3., (2/a)}

From du/dz=0, weget

C=-C Jg.1(N) - Jgu(h)
2

1M dahy O

Now u and du/dz becomes

u=c {3, 2/a2) + Q1 (2Vaz)}

&= %E{JQ. (2az)- J,.4(2a2) + Q[ (2Vaz) - 3 ,.u(2Va) [}

Finallythe burnout vel ocity can be obtained

v—mﬂb

7 ky dt
zb du

Vb_k_UEb

ComIga(m- I m+Qf (M- 3 u(m}
Ak 3,(m) +QU_, (m)
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The altitude at burnout isdetermined byintegratingthe expression forthe vel ocity
with respect to time asfollows

oD
" ku dz

ds 7b du
dt ~ kudz

Q ds= kﬁfﬁmp
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S Ny u
_ 1], my +bt;, I+t u
S = {[zlog(u)]nb - Iog(u)dzE

Unfortunatel ythe altitude at burnout cannot be solved inclosed form asthe burnout
velocity. After burnout of the rocket the vertical differentialequationof motion
becomes

dv )
rnodt_-rnog_ kv

where m, isthe burnout massof the rocket. The solutions forthe coasting phaseare

well-known, butare listed below for a generelsurvey of the problem.This relationmay
berearranged tosolve for t as afunctionof v, and one then get the coasting time

mo v«
" Qb—g - —thb

k

m, é k U
=.|— - arctangv,.|[——0
gk & Mg
The equationcan also be solved forthe coasted altitudeincrement byintroducingthe

following transformatiorof variables

dv_dvds_ dv
dt dsdt ds

Whenintegrated, it yieldsthe coasted altitudeincrement as
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