The N-body Problem
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Duringthe great plague in 1666the Englishuniversitiesclosed. Isaac
Newtonwas then anundergraduate in hisearly twenties at Cambridge.He
returned to hismum’ s farm inW ool sthorpe, Lincolnshire toremain outof
danger. Here he made anoutstandingcontribution tothe gravitational
Interactionbetweentwo bodies, either planets orsmall particles. Using
Kepler’' slaws, he derivedthe law of universal gravitationThelaw may be
stated asfollows.

Every body inthe universe attractsevery other body by a force
proportional tothe product of their masses andinversely proportional to
the squar e of the distance between them.

Mathematicallythe law of universal gravitatiormay be expressed inthe
followingmanner.If m and m, are the massesof two bodiesseparated by

adistance r betweenthe bodies centers,the forceof attraction F is

F :G—mr{nz

Theconstant G iscalledthe constantof gravitation anditsvalueis

N
— e -11
G=667" 10" 5

Actually Newtonpostponedthe publicationof the discovery innearly
twenty years, because he had difficulties insolving aparticular problem in
integral cal culus, whichwas conclusive forthe wholetheory. Strictly
Newton’slaw of universal gravitatioronly apply for point masses, but
planets havefinite sizewhichmay introducesome geometrical factor.This
problemteased Newton, butfinally he could provethat a solid
homogeneoussphere produces agravitationalfieldidentical tothoseof a
particleof the same masslocated inthe center of the sphere. Actuallythe
result still holds truevhen the sphere hasits massdistributedwith
spherical symmetry.Finallythe discovery were published in 1687,whenit
appeared as achapter in hisfamouswork Philosophiae Naturalis
PrincipiaMathematica .
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Newton’slaw of universal gravitation ishe cornerstone inthe n-body
problem, whichmay be stated inthe followingmanner.

Consider n bodiesdistributed inspace. Assumethat all masses, positions
and velocitiesare known and all the bodiesexperiences a gravitational
attractionaccording toNewton’ slaw of universal gravitation.What are
the position andvelocity of each body at any time?

Newton solvedthe problemcompletely for n = 2.The complexityof the
problemgrowsconsiderably for n = 3 and ighe famousthree-body
problem. Sincethe eighteenthcentury the three-body problem is
considered asone of the most difficult tosolve inmathematics. Forthe
solutionof the three-body problemKing Oscar |1of Sweden offered a
prize and a goldmedal. Poincarégot thisprice in 1889 for hisdiscussion
of the problem, but up to datenobody have solvedthe n-body problem for
n equal or bigger than three.

Now we will use a computer and analgorithm tosolvethe n-body problem
numerical. Thisillustrateshow acomplex mathematical problentan be
expressed by analgorithm in a computer Further the numerical solution
can be obtained, due tothe computerscapability toperformrepeated
executionof an algorithmwith very small time intervalsWe use the
constant accel erationapproximationexpressed invector form as

R=R, +V,Dt + %A Dt?
V =V, + ADt

wherethe acceleration A, and velocity V, isassumedconstant in asmall
timeinterval Dt=t- t,. Further R, givesthe position at time t,. Finally

R and V arerespectivelythe position andvelocity at time t. Inthe
followingwe will use the notation

A(J,1) : Accelerationof the J th planet inthe I’ th dimension.
V(J,1) : Velocity of the J th planet inthe |’ th dimension.
R(J,1) : Positionof the J th planet inthe I’ th dimension.

The above quantitiesare measured relative to avell-defined frameof
reference. The formof Newton’slaw of universal gravitation is novery
usefull when the planets motionare described relative to a frameof
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reference, sincethe forceof attraction isexpressed as afunctionof
distancerather than coordinates. We will rewrite Newton’ slaw of
universal gravitation taexpressthe accel erationactingon the J th planet in
thel’th direction, we get

An(J,')=A(J,I)+§JG*M(K)*(;E(K’Jl))' Ry(3,1))

where

D(K,J):D(J,K):él(%(K,l)- R,(J,1))°

Thefirst term A(J,1) isthe accelerationthe planetgot fromthe previous
calculation andthe second term isthe accel erationincrement due tothe
other planets.We can of course notincludetheterm K =J inthe sum,
becausethe actual planetdoes notinfluenceon itself. Furtherwe get
division byzero whentrying tocal culatethe second term inthis case.

Below isthe algorithmimplemented inthe BA SICprogramming language.
The input and outputsection isomitted. Further the algorithmonly solve
the n-body problem intwo dimensions.

10 REM N-BODY PROBLEM
20 REM INPUT

230 REM CALCULATION

240 FORJ=1TON

250 FORK=1TOJ-1

260 D=(R(K,1)-RJ1) "2+ (RK,2) -R(I2)"2
270  D(JK) =D * SQR(D)

280  D(K,J) =D(IK)

200 NEXTK

300 NEXTJ

310 FORJ=1TON

320 FORI=1TO?2

330 FORK=1TON

340 IFK = JTHEN GOTO 360

350 A@GD) =A@ +G* MK) * (R(K, - R@J1) / D(K,J)
360 NEXTK
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370  RED=R@)+VED*TO+05* AJI)* TO* TO
380  V@H)=V@I)+AJD* TO

390 NETX |

400 NEXTJ

410 T=T+TO

420 REM OUTPUT

530 GOTO 240

The inputsectionof the programfirst readthe time interval TO andhe
number of planets N.Thentheindividual planets massescoordinates and
velocitiesare read. Lastthe entered planet positionsare plotted on the
computer screen.Remember todefinethe constant of gravitation G and set
theduration T = 0.

The calculationsectionfirst determinethe D matrix for allthe planets (line
no. 240-300). When this is done, the acceleration,coordinates and
velocitiesare determined forthe N planets (line no. 310-400) The
duration T iscalculated byaddingthe timeinterval Dt (line no. 410).

The output section plotthe planetsnew positionson the computer screen.

Finallythe program jump back (line no. 530) andal culatesthe D matrix
again based on the new coordinates. Hereby the program run in annfinite
loop, calculatingnew accel erations,velocities andcoordinates for allthe
planets for agiven timeinterval Dt.

The programsolvethe n-body problem fortwo dimensions,becauseit then
Iseasy to plotthe planet positionson the computer screen. Butit iseasy to
expand the calculation tothree dimensionsAdd (R(K,3) - R(J,3)) * 2in
line no. 260 andfinallychange 2 to 3 in line no. 320.

If the distancebetweenthe cal culated planet positionncreaseon the
computer screenthe velocity of the planetincreasetoo, becausethe time
interval Dt betweenthe positionsare constant.

Thealgorithmdoes not solvethe n-body problemvery accurate, due tothe
simplenumerical method used.
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