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Abstract

In order to increase the flight range of aerospace vehicles and the efficiency of solid rocket motors, designers attempt to reduce the weight

of solid rocket motors. A skirt is a potential element for weight reduction in rocket motors as it leads to reduction of the total weight of solid

rocket motor. Due to its significance for solid rocket motors, the objective of this paper is to investigate the optimal design of a fiber-

reinforced composite cylindrical skirt subjected to a buckling strength constraint and an overstressing strength constraint under aerodynamic

torque and axial thrust. The present optimal design problem involve in determining the best laminate configuration to minimize the weight of

the cylindrical skirt. To find the optimal solution accurately and quickly, the hybrid genetic algorithm (HGA) is employed in this work.

Buckling strength and overstressing strength of the fiber-reinforced composite cylindrical skirt are analyzed using classical laminate theory

and elastic stability theory of thin shells. The Tsai-Wu failure criterion is employed to assess the first ply failure, and an overstressing load

level factor is introduced to describe the failure strength. In addition, a buckling load factor is introduced to describe the buckling strength.

Due to the critical issue of buckling strength, the effects of the design parameters on the buckling strength are investigated in this work.

Finally, a practical design example of the proposed fiber-reinforced composite cylindrical skirt is investigated using the present analysis

procedure. Results reveal that the fiber-reinforced composite cylindrical skirt laminated symmetrically with both cross-ply layers [0/908] and

angle-ply layers [þ45/ 2 458] can sustain a great buckling load. Furthermore, the buckling strength of the skirt shell laminated with equal-

hybrid between the angle-ply layers and the cross-ply layers is greater than that of the skirt shell laminated with over-weighted hybrid

between the angle-ply layers and the cross-ply layers. Results provide a valuable reference for designers of aerospace vehicles.

q 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

A skirt is a key element of a rocket motor as shown in

Fig. 1 and is constructed using a circular cylinder at the

tangent zones where the domes and cylinders meet. From

the standpoints of structural integrity, compatibility, cost

and ease of fabrication, a fiber-reinforced composite skirt,

instead of the conventional steel one, is desirable. It is

wound or laid up using temporary skirt tooling, which is

removed following curing. The fiber-reinforced composite

skirt is attached using various bonding/winding or riveting

method to convey loads through the motor case assembly. In

order to satisfy the strength requirement, the fiber-

reinforced composite skirt is usually a laminated cylinder

shell consisting of cross-ply layers and angle-ply layers. The

cross-ply layers with the layers oriented at 0 or 908 only are

arranged in the outer of the shell, and the angle-ply layers

with an equal number of layers oriented at ^u8 angles are

arranged in the inner part of the shell. In service, the skirt of

solid rocket motor is commonly subjected to aerodynamic

torque and axial thrust. Buckling due to combined loads and

failure due to overstressing are two major concerns in the

safe and reliable design of the skirt. Furthermore, to meet

the system needs of aerospace vehicles, designers also

attempt to reduce the weight of the solid rocket motor.

Reducing its weight results in increased flight range of the

vehicles and increased efficiency of the solid rocket motor.

The skirt is one of the potential elements for weight

reduction in rocket motors as it leads to a reduction in the

total weight of the solid rocket motor. Weight reduction of

the skirt is achieved not only by using fiber-reinforced
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composite materials, but also by improving the design of the

lamination configuration. Because fiber-reinforced compo-

sites have high elastic strain energy storage capacity and

high strength-to-weight ratio compared with steel, it is

possible to reduce the weight of a skirt without reducing the

load carrying capacity. Moreover, through the design of

various lamination parameters, such as ply orientations and

the thicknesses of layers, the structural performance of a

fiber-reinforced composite skirt can be upgraded. Therefore,

in this work, a ply orientation and thicknesses are adopted as

design parameters to minimize the weight of a fiber-

reinforced composite skirt for solid rocket motor cases

subjected to structural stability and strength constraints.

This study is available in the preliminary design of solid

rocket motor.

The literature on skirt design is very limited. The few

reports on the design of solid rocket motors have merely

described the purposes of skirt for solid rocket motors and

briefly presented manufacturing processes and design

concepts of skirts. Francis Rosato and Grove [1] investi-

gated the development, manufacture, and design of skirts for

filament winding composite rocket motors. Jame’s report

[2] on structural design and analysis of filament wound

rocket motor cases described loads reacting on the skirt in

static firings. Maheshwari and Grover [3] presented the

development of skirts for an advanced composite rocket

motor case under internal and external loads. They also

presented methods for forming and reinforcing manner on

skirts. Hoffman’s report [4] on rocket motor cases described

external loadings on skirts during flight, along with designs,

fabrications and compositions of skirts for various rocket

motor cases. Peter et al. [5] briefly described skirt

fabrication for filament winding composite rocket motors

in their book. Francis [6] presented a variety of technical

challenges encountered in the development of the ERINT-1

motor case, which include the integral of skirts. He

discussed the design and construction requirements of

integral skirts and the selection of usable materials. In the

design, the skirt can be treated as a cylinder shell structure.

In past years, several major works on the subject of the

optimum design of composite cylinder shells have been

proposed. In 1983, Nshanian and Pappas [7] proposed a

method based on a mathematical programming algorithm to

identify the optimal ply angle variation across the thickness

of laminated cylindrical shells and to determine the nature

of the improvement in performance that can be expected

from optimal configurations. In 1985, Onoda [8] applied an

energy method to obtain the optimal laminate configurations

of cylindrical shells under an axial buckling load and

investigated the relationship between the change of the

buckling load and the change in the laminate parameter

values. In 1988, Sun and Hansen [9] adopted lamina fiber

orientations as optimizing parameters to maximize the

buckling load of a laminated-composite circular-cylindrical

Fig. 1. A schematic diagram of a circular cylindrical skirt on a rocket motor case.
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shells subjected to combined loads. In 1989, Sun [10]

investigated the effects of ply stacking sequencing and the

angle on the cylinder buckling pressure using a random

search procedure based on Powell’s optimization method. In

1991, Hu [11] used a sequential linear programming method

together with a simple move-limit strategy to maximize the

buckling strength of fiber-composite laminate shells with a

given loading condition and material system with respect to

fiber orientations and investigated the effects of the shell

geometry on the buckling strength. In 1995, Zimmermann

[12] used a mathematical programming method based on

coordinate pattern search to maximize the buckling load of

fiber composite cylindrical shells subjected to axial

compression with respect to fiber orientations. In 1996,

Xie et al.[13] described a method of analyzing the

maximum buckling strength of hybrid-fiber multiplayer-

sandwich cylindrical shells under external lateral pressure

with respect to fiber orientations and weighting factors. In

1997, Walker et al. [14] determined the best layup to

minimize the weight for a hybrid laminated cylindrical shell

subjected to an axial buckling load constraint using an

analytical technique based on symbolic computation. In

1997, Walker et al. [15] determined the best layup to

optimize the multiobjective design of laminated cylindrical

shells for a weighted combination of maximum axial and

torsional buckling loads. In 2000, Smerdov [16,17] dealt

with different formulations of optimization problems on

buckling of multi-layered composite cylindrical shells under

axial compression and external pressure as well as the

effects of variations in the dimensions and materials of the

shell on buckling strengths. In 2001, Adali et al. [18] tried to

minimize the sensitivity of laminated shells to variations in

ply angles subject to a constraint on the buckling load and

computed the optimal ply angles to achieve this objective.

In the above studies, investigations on cylinder shells

mainly used mathematical programming technology to

solve problems and complete lamination configuration

designs. However, the fiber-reinforced composite cylind-

rical skirt is a complex cylinder due to its laminate structure

and applications. From the analysis viewpoint, it is a

complicated design problem. The mathematical program-

ming technologies that have been employed in previous

investigations are apt to fall into the local optimum for this

type of nonlinear problem. Therefore, in this paper, we

attempt to optimize the design of a fiber-reinforced

composite cylindrical skirt subjected to the stability

constraint and the failure strength constraint using hybrid

random search algorithms, specifically, the combined

genetic search and Powell’s search methods.

In engineering optimization, calculus-based techniques,

such as nonlinear programming, are mathematical program-

ming-based methods that search for an extreme guided by

the gradient of the objective function at different points in

the search space. These techniques may not find the

gradients for non-convex constraints or may fall into the

local optimum for nonlinear problems with multiple local

extremes [19]. The optimization design problem of a fiber-

reinforced composite cylindrical skirt, referred to as the

nonlinear constrained problem, is complex in nature and

difficult to solve using these calculus-based optimization

techniques. Thus, two random search optimization tech-

niques based on significantly different principles are

hybridized and used here to avoid calculating the gradients.

One is genetic algorithm (GA), which is an artificial

adaptive random search technique. This heuristic genetic

search technique finds the optimal designs based on the

mechanism of natural selection and natural genetics [20,21].

Another is Powell’s search method, which is hill-climbing

algorithm. This zero-order optimization method uses the

concept of conjugate search directions to find the optimal

solution [22,23]. The GA can determine good regions within

the search space quickly. However, like the evolution of life,

it is very slow at finding the optimal design within that

region. Powell’s search method, in contrast, is fast but has a

tendency to get trapped on the local extreme and thus fails to

find the true optimum. In this paper, a hybrid genetic

algorithm (HGA) [24] is used to search for the optimum

design of a fiber-reinforced cylindrical skirt. This HGA

starts with the initial global search of the GA to find good

solution areas. Once the GA finishes, the final solution is

used as the starting value for an optimization run using the

Powell’s search method. This hybrid algorithm is used to

overcome the difficulty that the GA has in climbing the last

slope to the optimal point and to avoid the weakness that

Powell’s method has in single point search [24].

The objective of this study is to minimize the weight of a

fiber-reinforced composite cylindrical skirt subjected to a

buckling strength constraint and an overstressing strength

constraint under aerodynamic torque and axial thrust using

the HGA. Design variables are the orientation angle of the

angle-ply layers, the total thickness of the cross-ply layers in

the outer part of the cylindrical skirt shell, and the total

thickness of the angle-ply layers in the inner part of the

cylindrical skirt shell. Due to the critical issue of the

buckling strength, the effects of the design parameters on the

buckling strength are also investigated in this work. Finally,

a practical design example is presented and investigated

using this design procedure. Some good results presented

herein provide a valuable reference for designers of

aerospace vehicles. In addition, the procedure employed in

this paper can be used as a design tool in the preliminary

stage of designing complex fiber-reinforced laminated

cylindrical structures for various applications.

2. Buckling and failure analysis of a fiber-reinforced

composite cylindrical skirt

A fiber-reinforced composite cylindrical skirt sustains

torque due to the aerodynamic characteristics of the fin and

axial compression due to the thrust of rocket motor in flight.

When these loads exceed critical values, buckling and
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overstressing occur in the skirt. To understand the

mechanical behaviors of a fiber-reinforced composite

cylindrical skirt and to avoid these failures, the objective

of this section is to explicitly describe buckling and failure

strength analysis of a fiber-reinforced composite cylindrical

skirt using the classical laminate theory [25,26] and the

elastic stability theory [27] of thin shells.

In this study, a fiber-reinforced composite cylindrical

skirt of length L, radius R (from the center to the mid-surface

of the shell), and total thickness h under aerodynamic torque

T and axial thrust F is considered and investigated, as shown

in Fig. 2. The shell has symmetric and balanced laminates.

Let the mid-surface of the cylindrical shell of the skirt be the

reference surface, and let the origin of the coordinates be

located at one end of the cylinder. The orthogonal

coordinates x, y, and z are measured in the longitudinal,

circumferential, and radial directions, respectively. The

fiber angle is defined as the angle between the fiber direction

and the longitudinal axis. The fiber orientations, which

include the angle-ply layers ([^u ]) in the inner part of shell

and the cross-ply layers ([90/08]i) in the outer part of shell,

are symmetric with respect to the mid-surface of the

cylindrical shell (see Fig. 2).

When the fiber-reinforced composite cylindrical skirt is

subjected to aerodynamic torque T and axial thrust F,

the force and moment resultants (see Fig. 2) are

Nx ¼
F

2pR
; Nxy ¼

T

2pR2
;

Ny ¼ Mx ¼ My ¼ Mxy ¼ 0:

ð1Þ

The above are the applied loads on the skirt. If the applied

aerodynamic torque and axial thrust equal or exceed critical

values, buckling or overstressing will occur, which for most

practical purposes is synonymous with collapse and failure.

2.1. Lamination theory for a fiber-reinforced composite

cylindrical skirt

This section will describe the mechanics behaviors of a

fiber-reinforced composite cylindrical skirt that has particu-

lar lamination configuration, using the classical lamination

theory. Since the shell of the fiber-reinforced composite

cylindrical skirt is a symmetric laminate with respect to the

mid-surface and is balanced, the bending-extensional

coupling stiffness matrix [B ] can be neglected, and the

constitutive equation for the fiber-reinforced composite

cylindrical skirt can be rewritten as

{N}xy ¼ ½A�{e}xy; {M}xy ¼ ½D�{k}xy; ð2Þ

where {N}xy is the force resultant tensor, {M}xy the moment

resultant tensor, {e}xy the strain tensor, {k}xy the curvature

tensor, [A ] the extensional stiffness matrix and [D ] the

bending stiffness matrix.

For a fiber-reinforced composite skirt shell consisting of

cross-ply layers and angle-ply layers, the extensional

stiffness matrix [A ] is derived as

½A� ¼ hu½ �Q�ðuÞ þ ðh 2 huÞ½ �Q�ðcÞ; ð3Þ

and the bending stiffness matrix [D ] is derived as

½D� ¼
h3
u

12
½ �Q�ðuÞ þ

ðh3 2 h3
uÞ

12
½ �Q�ðcÞ: ð4Þ

In Eqs. (3) and (4), hu denotes the thickness of the angle-ply

layers ([^u8]i), and h denotes the total thickness of the

laminate, respectively (Fig. 2). Matrix ½ �Q�ðuÞ denotes the

reduced stiffness of the angle-ply layers of the laminate, and

matrix ½ �Q�ðcÞ denotes the reduced stiffness of the cross-ply

layers of the laminate. The components of these reduced

stiffness matrices are described in Appendix A.

In Eqs. (3) and (4), the extension stiffness matrix [A ] and

bending stiffness matrix [D ], which include the design

parameters, are the major factors impacting on the stability

and strength design of the fiber-reinforced composite

cylindrical skirt. These matrices will be used in buckling

and failure analysis of the skirt.
Fig. 2. The shell elements and resultant forces of the circular cylindrical

skirt.
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2.2. Failure due to overstressing

To assess the capability of the fiber-reinforced composite

cylindrical skirt to withstand failure due to overstressing,

the Tsai-Wu failure criterion is employed. In addition, we

introduce a strength failure load factor z to identify the

characteristics of the first-ply failure of the cylindrical skirt.

Based on the Tsai-Wu failure criterion, the strength level

factor z is defined as

z ¼ max
k

½F11ðs
ðkÞ
L Þ2 þ F22ðs

ðkÞ
T Þ2 þ F66ðs

ðkÞ
LTÞ

2

þ 2F12s
ðkÞ
T s

ðkÞ
L þ F1s

ðkÞ
L þ F2s

ðkÞ
T �: ð5Þ

In Eq. (5), each stress component of the kth layer sðkÞ
L ; s

ðkÞ
T ;

s
ðkÞ
LT in the material direction can be calculated by

{s}ðkÞ
LT

¼ ½T�½ �Q�ðkÞ½A�21{N}xy; ð6Þ

where {N}xy is the resultant tensor ½Nx;Ny;Nxy�
T; shown as

Eq. (1); [A ]21 the inverse of the extension stiffness matrix

[A ], shown as Eq. (3); ½ �Q�ðkÞ is the reduced stiffness of the

kth layer with the laminate; and the strength parameters F11,

F22 F66, F1 and F2 are given by

F11 ¼
1

sLUs
0
LU

; F22 ¼
1

sTUs
0
TU

; F66 ¼
1

s2
TLU

;

F1 ¼
1

sLU

2
1

s0
LU

; F2 ¼
1

sTU

2
1

s0
TU

;

F12 ¼ 2
1

2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sLUs

0
LUsTUs

0
TU

p ;

where sLU; s0
LU; sTU; and s0

TUare the tensile and

compressive strengths of the composite material in the

longitudinal and transverse directions, and sTLU is the in-

plane shear strength.

To ensure that first-ply failure does not occur in the

cylindrical skirt, the following condition must be satisfied

z # 1: ð7Þ

Eq. (7) is used as a restriction on the optimization design

problem in this work.

2.3. Buckling loads

The fiber-reinforced composite cylindrical skirt is

subjected to two major external loads, which are torque

due to aerodynamics and axial compression due to thrust,

during flight. The skirt will buckle and, thus, the rocket will

fail if these loads exceed critical values. To ensure that the

skirt is stable, it is necessary for the critical buckling load to

be higher than the actual load in the fiber-reinforced

composite cylindrical skirt. In the present study, the buckling

load is analyzed using the linear elastic theory of thin shells.

Here, we introduce a scalar multiple l of the design load,

the so-called buckling load factor. It is employed to identify

pre-buckling of the fiber-reinforced composite cylindrical

skirt and is defined as

l ¼
N1

Na

; ð8Þ

where Na is the actual load and N1 is the structural pre-

buckling strength.

In this paper, the buckling load factor l is used to

describe the buckling characteristics of the cylindrical skirt

as follows:

1. when 0 # l , 1, this indicates that buckling of the

cylindrical skirt will occur at the actual load Na;

2. when l ¼ 1, this indicates that buckling is incipient

under the actual load Na; and

3. when l . 1, this indicates that buckling will occur at a

load level higher than the actual load Na.

2.3.1. Buckling due to axial thrust

Buckling of the shell of a cylindrical skirt constructed of

a symmetrical and balanced laminate under axial thrust F

(see Fig. 2) is governed by the following system of

equations [10]

A11u;xx þ A12 v;xy þ
w;x

R

� �
þ A66ðv;xy þ u;yyÞ ¼ 0;

A66ðv;xx þ u;xyÞ þ A12u;xy þ A22 v;yy þ
w;y

R

� �
¼ 0;

D11w;xxxx þ 2ðD12 þ 2D66Þw;xxyy þ A12

u;x

R

þ A22

v;y

R
þ

w

R2

� �
þ D22w;yyyy ¼ Fw;xx; ð9Þ

where u, v, and w are the displacements in the x, y, and z

directions, respectively; Aij ði; j ¼ 1; 2; 6Þ are the com-

ponents of the laminate extension stiffness matrix (see Eq.

(3)); Dij ði; j ¼ 1; 2; 6Þ are the components of the laminate

bending stiffness matrix (see Eq. (4)); a subscript comma

indicates partial differentiation. It is noted that the bending-

extension coupling matrix [B ] does not appear in Eq. (9)

because the laminate for the skirt shell is symmetrical to the

mid-surface.

Consider the installation of a static test of the cylindrical

skirt in the preliminary design; a simply supported shell

boundary condition (that is: w ¼ v ¼ 0 at x ¼ 0, L, are

satisfied) is restricted. The solution to Eq. (9) is obtained by

taking displacements in the form

u ¼ unm cosð �mxÞ cosð�nyÞ; v ¼ vnm sinð �mxÞ sinð�nyÞ;

w ¼ wnm sinð �mxÞ cosð�nyÞ;

ð10Þ

where �m ¼ mp=L; �n ¼ n=R; m is the number of half-waves

in the x-direction; n is the number of waves in the

y-direction; unm; vnm and wnm are the buckling displacement

amplitude coefficients. Substituting Eq. (10) into Eq. (9) and

combining Eq. (8) and Eq. (1), the buckling load factor for

the axial thrust F, la; can be derived as the solution of an
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eigenproblem in the form [28]

laðm; n; uÞ ¼
2R

pF

L

m

� �2

C11 C12 C13

C21 C22 C23

C31 C32 C33

��������

��������
C11 C12

C21 C22

�����
�����

; ð11Þ

where

C11 ¼ A11 �m
2 þ A66 �n

2
;

C22 ¼ A22 �n
2 þ A66 �m

2
;

C33 ¼ D11 �m
4 þ 2ðD12 þ 2D66Þ �m

2
�n2 þ D22 �n

4 þ
A22

R2
;

C12 ¼ C21 ¼ ðA12 þ A66Þ �m�n;

C23 ¼ C32 ¼
A22

R
�n;

C13 ¼ C31 ¼
A12

R
�m:

To determine the critical buckling load factor due to the

axial thrust, lcr
a ;, we vary the integers m and n, and calculate

the minimum value of la. The critical buckling load factor

can be stated as

lcr
a ¼ min

m;n
laðm; n; uÞ: ð12Þ

2.3.2. Buckling due to aerodynamic torque

Due to the good agreement achieved in Ref. [28] between

linear theory and experimental results for a buckling of the

cylindrical shell under torsion, in this paper, using these

experimental results, the critical torsion buckling load for

the symmetrical skirt shell is given as [28]

Tcr ¼ 21:75ðD22Þ
5=8 A11A22 2 A2

12

A22

 !3=8
R5=4

L1=2
: ð13Þ

Another restriction on this equation is

D22

D11

� �5=6 A11A22 2 A2
12

12A22D11

 !1=2
L2

R
$ 500: ð14Þ

Substituting Eq. (13) into Eq. (8) and combining this with

Eq. (1), the critical torsion buckling load factor lcr
T for the

symmetrical skirt shell under aerodynamic torque Tcan be

stated as

lcr
T ¼

Tcr

T
¼

21:75

T
ðD22Þ

5=8 A11A22 2A2
12

A22

 !3=8
R5=4

L1=2
: ð15Þ

2.3.3. Buckling due to combined axial thrust

and aerodynamic torque

In the preliminary design of the fiber-reinforced

composite cylindrical skirt, a combined buckling load

factor l is employed to describe the buckling of the shell

subjected to combined axial thrust and aerodynamic torque.

l can be determined by [28]

1

l
¼

1

lcr
a

þ
1

lcr
T

: ð16Þ

The critical buckling load factors lcr
a and lcr

T in Eq. (16) are

calculated using Eqs. (13) and (15), respectively. To ensure

that the fiber-reinforced composite cylindrical skirt sub-

jected to the combined loads does not buckle, the combined

buckling load factor l cannot be less than one. That is,

l $ 1: ð17Þ

Eq. (17) serves as another restriction on the optimization

design problem in this work.

3. Optimum design of the fiber-reinforced composite

cylindrical skirt

This section formulates the optimization design problem

of the fiber-reinforced composite cylindrical skirt for solid

rocket motors that sustain aerodynamic torque and com-

pressive force. The design problem involves determining

the laminate configuration to minimize the weight of the

cylindrical skirt subjected to composite strength and

structural stability constraints. In this study, the fiber

angle and the thicknesses of the layers are used to describe

the laminate configuration of the fiber-reinforced composite

cylindrical skirt. First-ply failure, treated as a strength

constraint, is considered using the Tsai-Wu criterion.

Buckling failure due to combined torque and axial

compression, treated as a stability constraint, is considered

using buckling load factor greater than one (l . 1). The

HGA is adopted to solve the optimization design problem.

3.1. Optimal problem formulation

The purpose of the formulation is to create a mathemat-

ical model of the optimal design problem of the fiber-

reinforced composite cylindrical skirt for solid rocket

motors that can be solved using the HGA. The mathematical

model of the optimization design that includes the design

variables, objective function and design constraints are

described below.

3.1.1. Design variables

Some parameters usually remain fixed in relation to

design variables. Here, the pre-assigned design parameters

are the length (L ) and radius (R ) of the cylindrical skirt; the

design loads, which include the torque (T ) and compression

(F ); and material properties.

The thickness (hc) of the cross-ply layers, the thickness

(hu) of the angle-ply layers and the orientation angle (u ) of

the angle-ply layers are taken as design variables for the

optimization problem. Here, they are employed to describe
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the laminate configuration of the fiber-reinforced composite

cylindrical skirt.

3.1.2. Objective function

The objective of the present design problem is to

minimize the weight of the fiber-reinforced composite

cylindrical skirt for solid rocket motors subjected to

overstressing and buckling strength constraints. The objec-

tive function is stated as follows

Minimize W ¼ 2pRL½rch þ ðru 2 rcÞhu�; ð18Þ

where rc the material density of the cross-ply layers in the

outer part of the laminate; ru the material density of the

angle-ply layers in the inner part of the laminate; h the total

thickness of the laminate; hu the thickness of the angle-ply

layers in the outer part of the laminate; L the length of the

cylindrical skirt; R the radius of the mid-surface of the

cylindrical skirt.

3.1.3. Design constraints

The minimum weight design problem of the fiber-

reinforced composite cylindrical skirt treated here has two

constraints: buckling strength due to combined axial

compression and torsion loads, and failure strength due to

overstressing. According to Eqs. (7) and (17), the constraint

equations can be rewritten as

g1 :
1

l
2 1 # 0; g2 : 1 2

1

z
# 0: ð19Þ

3.1.4. Fitness function

Generally, a GA is used to solve unconstrained

optimization problems and to maximize a fitness function.

A fitness derived from the objective function serves as an

evaluation function in successive genetic operations. In

this paper, penalty techniques are used to transform the

present constrained optimization problem into an uncon-

strained problem. In addition, the inverse of the objective

function is taken as the fitness. Finally, the fitness

function based on the exterior penalty function approach

is expressed as

Fitness ¼
Q

f ðXÞ

� �
¼

Q

WðXÞ þ rj

X2

i¼1

½lgiðXÞlþ giðXÞ�
2

0
BBBBB@

1
CCCCCA;

ð20Þ

where X ¼ {hu; hc; u} is the design variable vector; f ðXÞ

the modified objective function; WðXÞ the total weight of

the fiber-reinforced composite cylindrical skirt; rj

P2
i¼1 �

½lgiðXÞlþ giðXÞ�
2 a penalty function; Q a normalizing

constant; rj a penalty parameter; j a generation or iteration

cycle in the optimization procedure.

3.2. Optimization design procedure based on HGA

To improve the performance of the conventional GA and

find the optimal solution accurately, the HGA is presented in

this work. The implementation of this algorithm involves a

GA, elitism strategy and Powell’s search method as shown

schematically in Fig. 3.

The design process starts with random selection of a

specified number of designs that comprise the initial

population for the elitism GA of the HGA. Material

properties, the radius and length of the cylindrical skirt,

the boundary conditions of the skirt shell and design

loadings are input to the analysis processor routines that

include buckling analysis and strength failure analysis.

Buckling analysis provides the critical buckling load factor,

and strength failure analysis provides the strength failure

Fig. 3. Flow chart for the optimization procedure using the HGA.

C.-C. Liang, H.-W. Chen / Composites: Part B 34 (2003) 273–284 279



load factor. Then, the weight of the fiber-reinforced

composite cylindrical skirt is calculated. This procedure is

repeated for each design configuration in the population.

The fitness processor evaluates the fitness of each design by

employing Eq. (20) and assigns a rank based on an objective

function. The evaluated population is then processed. The

current population of the design configuration is then

processed by the genetic operators and elitist strategy, and a

new population of design configurations is created for next

generations. This new population combines the most

desirable characteristics of previous generations. Designs

from previous generations can be replaced by new ones

except for the best designs that are always included in the

next generation. This GA, which includes the elitist

strategy, guarantees that the best designs will occur in the

final population. The elitism GA process is repeated until

the rate of increase in the best fitness found falls below some

arbitrary small. Once this elitism GA finds good design

areas in the search pace, the near-optimal design is taken as

the initial value for Powell’s search algorithm, and the

optimal design is searched continually by Powell’s

optimization run.

Powell’s optimization method operates by maximizing

the fitness in terms of each variable independently, and

forms conjugate maximization paths from each maximized

fitness. This search method basically uses a two-part

iterative procedure to find the maximum fitness. It starts

with an initial estimate of the maximum fitness, and in the

first iteration independently maximizes the fitness in each of

the coordinate directions to find the new maximum fitness.

After this initial maximization, the first coordinate is

replaced with a new coordinate direction determined from

the initial estimate of the maximum fitness to the new

maximum. The next iteration independently maximizes the

fitness with respect to the new projected coordinate

direction and the remaining coordinates. This procedure is

repeated until the fitness undergoes no improvement after all

the directions have been tested and the directions tested

have not changed. Powell’s search procedure is shown in

detail in Fig. 4 [22,23].

4. A practical optimum design example of the

fiber-reinforced composite cylindrical skirt

for solid rocket cases

In this section, the optimization design problem of a

fiber-reinforced composite cylindrical skirt is presented.

The design problem aims to obtain the optimum orientation

angle of the angle-ply layers and the thickness allocation

between the angle-ply layers and cross-ply layers of the skirt

shell laminate, which minimize the weight and satisfy

buckling and overstressing failure constraints. In addition,

the effects of the design parameters on the buckling strength

in the design of the fiber-reinforced composite cylindrical

skirt subjected to both axial thrust and torque loadings are

investigated. A practical example of a fiber-reinforced

composite cylindrical skirt is investigated using the present

method.

4.1. Model description

The solid rocket motor is a major power source for

aerospace vehicles. It burns fuel inside its case, thus

generating high pressure and thrusting the vehicle. The

fiber-reinforced composite cylindrical skirt sustains both

torsional load due to aerodynamics and axial compressive

load due to the thrusts of the rocket motor during launch and

flight. These loads vary in various situations. In this paper,

we consider these practical peak loads acting on fiber-

reinforced composite cylindrical skirt. These loads are the

axial compressive thrust, F ¼ 70,000 N and the aerody-

namic torque, T ¼ 70,000 N m. The fiber-reinforced com-

posite cylindrical skirt has a middle radius R ¼ 0.3 m and a

length L ¼ 0.5 m. The material properties used in this study

are those of the unidirectional carbon/epoxy composite

given by

EL ¼ 137 GPa; ET ¼ 8:17 GPa; GLT ¼ 4:75 GPa;

nLT ¼ 0:316;

Fig. 4. Flow chart of Powell’s search procedure.
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sLU ¼ 1470 MPa sTU ¼ 39:2 MPa;

sTLU ¼ 78:4 MPa; s0
LU ¼ 980 MPa;

s0
TU ¼ 78:4 MPa:

The material constants for a lamina, EL, ET, GLT, and

nLT, are the elastic modulus in the longitudinal and

transverse directions, the shear modulus and the major

Poisson ratio, respectively, based on the material principal

coordinate axes. The failure strengths sLU; s
0
LU; sTU; s

0
TU

and sTLU are those defined earlier.

For the present optimization design problem, the

objective function is stated in Eq. (18), and the constraint

is described in Eq. (19). The thickness of the cross-ply

layers (hc), the thickness of the angle-ply layers ðhuÞ and the

orientation angle (u) are taken as design parameters, and

their side constraints are described, respectively, as

0 # hc # R=10; 0 # hu # R=10;

ðhc þ huÞ # R=10; 0 , u , 90:

ð21Þ

4.2. Optimal design results and discussion

First, optimal results for the present practical design

problem of a fiber-reinforced composite cylindrical skirt are

shown in Table 1. This table indicates that the optimal

design point is (u,hu,hc) ¼ (42.58, 1.807 mm, 1.877 mm),

and that the minimum weight is 5.57 kg. In addition, Table 1

shows that the critical compressive buckling load factor is

lcr
a ¼ 1:1778; that the critical torsional buckling load factor

is lcr
T ¼ 6:6951; that the combined buckling load factor is

l ¼ 1.0016 and that the strength level factor is z ¼ 0.0003.

These results reveal that the critical axial compressive load

is 82,446 N, and that the critical torsional load is

46,8657 N m for the fiber-reinforced composite cylindrical

skirt designed using the present method. Because l < 1 and

z	1, the buckling strength is the critical design criterion,

and the overstressing strength is the relaxative restriction for

the present practical optimization design problem.

The optimal design results for the present practical

design problem with various pre-assigned orientation angles

of the angle-ply layers are shown in Table 2. This table

indicates the optimal thickness allocation between the cross-

ply layers and the angle-ply layers in the shell laminate of

the fiber-reinforced composite cylindrical skirt. The depen-

dence of the optimal thickness designs on the orientation

angles of the angle-ply layers is shown in Fig. 5. The curves

in Fig. 5 represent the total shell thickness, the thickness of

the cross-ply layers and the thickness of angle-ply layers.

They are interpolated linearly by the data listed in Table 2.

The results show that

1. For the layer-hybridized laminate of the skirt shell, the

optimal total shell thickness first decreases and later

increases as the orientation angle of the angle-ply layers

increases; meanwhile, the optimal shell thickness is

h ¼ 3.684 mm when the orientation angle of the angle-

ply layers is u ¼ 42.58. Because the same material is

considered in the both cross-ply layers and angle-ply

layers, the dependence of the minimum weight on the

orientation angle of the angle-ply layers is the same as

that for the total shell thickness.

Table 1

Optimal designs for the present practical design problem with three design variables ðu; hu; hcÞ

u (8) hu (mm) hc (mm) h (mm) Weight (kg) Fitness Buckling load factor Strength level factor (z )

lcr
a lcr

T l

42.5 1.807 1.877 3.684 5.57 17998 1.1778 6.6951 1.0016 0.00030

Table 2

Optimal designs for the present practical design problem with various pre-assigned orientation angles of the angle-ply layers

u (8) hu (mm) hc(mm) h(mm) Weight (kg) Fitness Buckling load factor Strength level factor (z )

lcr
a lcr

T l

7.5 2.192 2.354 4.546 6.86 14585 1.0837 13.1875 1.0014 0.11570

15 2.034 2.200 4.234 6.38 15664 1.1005 10.9712 1.0002 0.09750

22.5 2.035 1.943 3.978 5.98 16712 1.1298 9.0073 1.0039 0.0694

30 1.997 1.839 3.836 5.78 17289 1.1705 7.8448 1.0185 0.03860

37.5 1.854 1.854 3.708 5.60 17880 1.1692 6.9354 1.0003 0.01390

45 1.438 2.327 3.765 5.68 17611 1.1598 7.3076 1.0010 0.00085

52.5 1.147 2.735 3.882 5.85 17082 1.1455 7.9423 1.0011 0.00030

60 1.593 2.280 3.873 5.84 17122 1.1583 7.3154 1.0000 0.00956

67.5 1.928 2.092 4.020 6.06 16498 1.1549 7.5728 1.0021 0.03380

75 1.985 2.316 4.301 6.49 15418 1.1279 8.9527 1.0017 0.06360

82.5 2.130 2.445 4.575 6.90 14496 1.1075 10.3000 1.0000 0.08780
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2. As for the optimal thickness allocation, the optimal

thickness of the angle-ply layers is nearly the same as the

optimal thickness of the cross-ply layers when the

orientation angle of the angle-ply layers is u # 42.58

and u $ 67.58. However, the thickness difference

between the angle-ply layers and the cross-ply layers is

apparent at 42.58 # u # 67.58.

4.3. Effects of the design parameters on buckling strength

As indicated by the preceding results, the buckling

strength is the critical criterion. Inaddition,design parameters

greatly influence the buckling strength of the fiber-reinforced

composite cylindrical skirt. Therefore, the effects of the

design parameters on the buckling strength are investigated in

this section. These design parameters are the thickness

allocation between the angle-ply layers and the cross-ply

layers, and the orientation angle of the angle-ply layers.

4.3.1. Effect of the orientation angle of the angle-ply layers

on buckling strength

The dependence of the combined buckling load factor on

the orientation angle of the angle-ply layers is shown in

Fig. 6 for the shell laminate with the optimal total thickness

(h ), which was 3.684 mm. Fig. 6 shows three thickness

allocations for the angle-ply layers and the cross-ply layers

in the laminate, including the laminate with the optimal

hybrid-layers at u ¼ 42.58, the laminate with pure cross-ply

layers and that with pure angle-ply layers. In this figure,

some results are summarized as

1. For the laminate with pure angle-ply layers

(hu ¼ 3.684 mm), the curve is piecewise continuous

with three peaks of the combined buckling load factor at

15, 65 and 758 for the orientation angle of the angle-ply

layers. Because variation of the buckling mode is

apparent for the laminate with pure angle-layers, the

tendency of the combined buckling load factor is

piecewise continuous.

2. For the laminate with pure cross-ply layers

(hc ¼ 3.684 mm), the combined buckling load factor

stays constant because there are no pure angle-layers in

the laminate, and because the laminate stiffness matrixes

[A ] and [D ] remain constant.

3. For the laminate with optimal hybrid-layers, the curve is

continuous with a peak value at u ¼ 42.58. The results

also show that the buckling strength for the laminate with

hybrid-layers is greater than those for the laminates with

single layers.

4.3.2. Effect of the thickness allocation between the

angle-ply layers and cross-ply layers on buckling strength

The dependence of the buckling load factors on the

thickness allocation between the angle-ply layers and the

cross-ply layers is shown in Fig. 7 for the six pre-assigned

orientation angles (15, 30, 45,42.5, 60, and 758) of the angle-

ply layers under the given optimal total shell thickness. For

the respective optimal designs with the six pre-assigned

orientation angles, the buckling load factors are shown in

Table 2. In Fig. 7, the curves present the same phenomena

mentioned above: the combined buckling load factor first

increases and later decreases as the thickness of the angle-

ply layers increases. When the thickness of the angle-ply

layers is far smaller than the thickness of the cross-ply layers

or the thickness of the angle-ply layers is far larger than the

thickness of the cross-ply layers, the combined buckling

Fig. 5. Optimal thickness designs with various pre-assigned orientation

angles of the angle-ply layers.

Fig. 6. Combined buckling load factor vs orientation angles of the angle-ply

layers for three different thickness allocations between cross-ply layers and

angle-ply layers.
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load factor is small. The results also show that the buckling

strength for the laminate with equal hybrid between the

angle-ply layers and the cross-ply layers is greater than the

laminates with over-weighted hybrid between the angle-ply

layers and the cross-ply layers.

5. Conclusion

Due to the importance of the skirt in solid rocket motors,

this paper has investigated the optimal design of a fiber-

reinforced composite cylindrical skirt subjected to a

buckling strength constraint and an overstressing strength

constraint under aerodynamic torque and axial thrust.

The present optimal design problem involves determining

the best laminate configuration to minimize the weight of the

cylindrical skirt. The orientation angle of the angle-ply

layers, the thickness of the cross-ply layers, and the

thickness of the angle-ply layers has been considered as

design parameters. To find the optimal solution accurately

and quickly, the HGA has been employed in this work. It

had been proved that the HGA is very efficient method for

use in the optimization design procedure [24]. In addition,

the buckling strength and overstressing strength of the fiber-

reinforced composite cylindrical skirt have been analyzed

using the classical laminate theory and the elastic stability

theory of thin shells. The Tsai-Wu failure criterion has been

employed to assess the first ply failure, and an overstressing

load level factor has been introduced to investigate the

failure strength. In addition, a buckling load factor has been

introduced to study the buckling strength. Due to critical

issue of buckling strength, the effects of the design

parameters on the buckling strength have also been

investigated in this work.

A practical design example of a fiber-reinforced

composite cylindrical skirt has been presented and inves-

tigated using the analysis procedure. Some results for this

particular design example have been presented and

discussed. The following conclusions can be drawn from

this study

1. For the present practical optimization design example of

a fiber-reinforced composite cylindrical skirt, the best

design is ðu; hu; hcÞ ¼ ð42:58; 1:807 mm; 1:877 mmÞ and

the lightweight designs raise in the vicinity of the

orientation angle of the angle-ply layers is u ¼ 458. This

reveals that the fiber-reinforced composite cylindrical

skirt is strengthened by symmetrically laminated with

both the cross-ply layers [0/908] and the angle-ply layers

[þ45/ 2 458].

2. The buckling strength due to axial compressive thrust is

the most critical issue in the present practical design

example of a fiber-reinforced composite cylindrical skirt.

In the future, when similar cylindrical shell structures are

designed, buckling strength should be given first priority.

3. The buckling strength of the skirt shell laminated

symmetrically with hybrid-layers was found to be greater

than that of the skirt shell laminated with pure single

layers. In addition, the buckling strength of the skirt shell

laminated symmetrically with equal hybrid between the

angle-ply layers and the cross-ply layers was found to be

greater than that of the skirt shell laminated with

Fig. 7. Combined buckling load factor vs the angle-ply layers thickness

given the optimal total thickness of the shell for various pre-assigned

orientation angles of the angle-ply layers.
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over-weighted hybrid between the angle-ply layers and

the cross-ply layers.

In this paper, the HGA optimal design procedure has

been employed to determine the best laminate configuration

for a fiber-reinforced composite cylindrical skirt with multi-

layer sandwich lamination. The results can serve as valuable

reference for designers of aerospace vehicles. In the future,

this procedure will be applied to find the optimal designs of

more complex laminated cylindrical structures, such as

multi-layer hybridized sandwich laminated cylinders.

Appendix A

The components of the reduced stiffness matrix ½ �Q�ðuÞ of

the angle-ply layers of a laminate are described as

�Q11 ¼Q11c4 þ2ðQ12 þ2Q66Þc
2s2 þQ22s4

;

�Q12 ¼ �Q21 ¼ ðQ11 þQ22 24Q66Þc
2s2 þQ12ðc

4 þ s4Þ;

�Q22 ¼Q11s4 þ2ðQ12 þ2Q66Þc
2s2 þQ22c4

;

�Q66 ¼ ðQ11 þQ22 22Q12Þc
2s2 þQ66ðc

2 2 s2Þ2;

�Q16 ¼ �Q61 ¼2Q22cs3 þQ11c3s2 ðQ12 þ2Q66Þðc
2 2 s2Þcs;

�Q26 ¼ �Q62 ¼2Q22c3sþQ11cs3 2 ðQ12 þ2Q66Þðc
2 2 s2Þcs:

The components of the reduced stiffness matrix ½ �Q�ðcÞ of the

cross-ply layers of a laminate are described as

�Q11 ¼ �Q22 ¼Q11 þQ22;

�Q12 ¼ �Q21 ¼ 2Q12;

�Q66 ¼ 2Q66;

�Q16 ¼ �Q61 ¼ �Q26 ¼ �Q62 ¼ 0;

where c ; cos u, s ; sin u and u is the orientation angle of

the layers; Qij ði; j¼ 1;2;6Þ are the components of the lamina

stiffness matrix [Q ] and are related to the commonly known

engineering constants EL, ET, GLT, nLT, and nTL. These

components, Qij ði; j¼ 1;2;6Þ; are stated as

Q11 ¼
EL

12nLTnTL

;

Q22 ¼
ET

12nLTnTL

;

Q12 ¼
nLTET

12nLTnTL

;

Q16 ¼Q26 ¼ 0;

Q66 ¼GLT:
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